The decision to send; or not matters only if the team achiev@sandone agent comes to know this fact. We
define the random variabl&;, to be the earliest time at which an agent knows this fact. We denote Agea
the agent who knows of the achievement at tifig. If A = i, for some agent,, and K¢ = to, then agent
has some pre-communication belief stdtgr. = 3, that indicates that’ has been achieved. To more precisely
quantify the difference between agérgending ther; message at tim& vs. never sending it, we define the
following value:
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We assume that, for all times other thaf;, the agents follow some communication polieyy, that never
specifiess;. Thus,AT measures the difference in expected reward that hinges on &gepecific decision to
send or not sendg at timet,. Given this definition, it is locally optimal for ageito send the special message,
oq, attimet,, if and only if AT > 0.

We can use the COM-MTDP model to derive an operational expressiad of 0. For simplicity, we define
notational shorthand for various sequences and combinations of values. We define a partial sequence of random
variables, X <t, to be the sequence of random variables for all times befor€®, X1, ..., X!, We make
similar definitions for the other relational operators. The expres$i)i,, denotes the cross product over states
ofthe worId,]'[;f:0 S, as distinguished from the time-indexed random varia$fe which denotes the value of the
state at timg’. The notations=*°[t], specifies the element in stowithin the vectors=t°. We define the function,

T, as shorthand within our probability expressions. It allows us to compactly represent a particular subsequence
of world and agent belief states occurring, conditioned on the current situation, as follows:

PI'(T ((tlatf> 787ﬂ027t07i7/8)) = Pr(SZti7Stf = SabOEZtiygtf = IBQE |KG = t():AG = iﬂbﬁez = ﬁ) (2)

We define the functionjs., to map a pre-communication belief state into the post-communication belief state
that arises from a communication policy:

BZO(IBoZﬂﬂE) = SEEO(ﬂ.ZDTrE(ﬂoZ)) (3)

Theorem 6 If we assume that, upon achievementGofno communication other thas; is possible, then the
conditionA” (¢y,i,3) > 0 holds if and only if:
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Proof: We can rewrite the expectation as an explicit summation over the possible state and belief state sequences:
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We now define the communication policyy,,, as the communication policy followings, for all agents at all
times, except for agentunder belief state¢f, when agent sends message With this definition,rs,, is the
policy under which agent communicates the achievement®@f andny,, ) is the policy under which it does
not. We can simplify this expression further by using our belief state mapping fungtignpecause the post-
communication belief statdyy,, is completely determined given the pre-communication belief state, the
communication policyss;, and the post-communication state estimator function:
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We can further simplify the exposition by using ddrshorthand:
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The innermost sum adds up the reward received at each point of time. We can move the innermost summations to
the outside:
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We can split the inner two summations at titnas follows:
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By our Markovian assumption, for any given point of timethe reward is independent of the subsequence of
states and observations to follow timeThus, the inner two summations reduce to 1.0:
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We can split the summation at the timg, when agent knows thatG has been achieved:

- Z > > Pr(Y(0,t),55, B~ to, i, B)|1° = 0c)

=0 s<1e(9) B =te(B)!

: R(sﬁt[t]’ ™A (620 (:602 St[t]v TSoq )) TS0 ( [t]))

+Z > > Pr(Y((0,t), 55, B~ 0,1, B)|Z1° = 0c)

t=to s<ie(5)t <i€ B)

: R(sﬁt[t]’ ™A (620 (:602 St[t]v TSoq )) TS0 ( [t]))

to—1

-3 Y PeX(0,8), 55, Bun = to,i, )| = nul)

t=0 5<tE(5)" Bu5 =" E(B)!

- R(s=[t], ™4 (Bre (Box = (1], T gnu)> Tsnull (Bex =)

- S Pr(Y((0,8), 5, Bun =, to, i, B)| S0 = null)
ie(

1=t0 s<te(S)! B <t e(B)*

- R(s='[t], 74 (Bze (Bax =" [t ®wnuil))s Tsnull (Baxs = [1))) (12)



The first and third terms cancel each other out, because the message sent@htisieo effect on the rewards
received before that time:
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We first separate out the case at titge
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We can split the second and fourth terms at tiigie
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In addition, the outermost probability distribution is the same for the two policies, since they do not deviate until
G is known by some agent. Therefore, we can group the first and third terms and the second and fourth terms

together as follows:
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The differences within the brackets measure the expected difference in reward over all possible future sequences
of states and observations. The probability in the outer summation iterates over all possible past sequences. We
now separate the domain-level and communication-level components of the reward function:

- Z Z Pr(Y ({0, to) vsgtoaﬁ.ggto,to,i,ﬂﬂzgo =o0qg)

sStog(S)to B, Stoe(B)to

' [RA(SS“J [to], T4 (Bre(Bas="Tto], Tx00))) + Re (%" [to], W00 (Bax="[t0]))
~Ra(s%"[to], 74 (Bre(Bax="[to], wgnui)) = Rx(s="[to], m i (Bex™" [to]))]

* Z Z Z Pr(T(<0’t0>’SStO’IBoZStOvtovivﬂﬂzio :UG)

t=to+1 s<tog(S)to B, <t0€(B)to

Z Z P['(T((to—+—]_,T>,s>t0”8.2>t0,t07i76)

60 E(5) 70 50 (BT
|T(<07t0> 78St07/602§t07t077:76)7 220 = UG)
“Ra(s7[t], ma(Bre(Bax ™" [t], T206))) + R(s7[t], W06 (Bax " [1])
- Z Z Pr(T(<t0+17T>7S>t071602>t07t077:7ﬂ)
s>to e(s)T—iO ﬁ.2>t0€(B)T—t0

IT((0, t0) , 5%, B =™, 10,4, 5), £ = null)

: [RA(3>tO [t]aﬂA(ﬁE-(ﬂ.2>t0 [t]aﬂgnull))) + RE(3>tO [t]aﬂ'znull(ﬂ.z>t0 [t]))]]

17)



In the first term, we can isolate the difference between the communication-level reward values for te two policies.
We definez;i to be the combined communication of all agents other tham timet¢. At time ¢y, this variable

is the same for both policies, since only the policies differ when communicatingThus, we can reduce our
expression to:
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We can separate the third term into domain-level and communication-level sums. We can then merge the second
term into the domain-level sum by rewriting this sum to includetthease again:
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The Markovian property of the reward function allows us to further reduce the first term. In the second and third
terms, we can move the outermost summation back inside:
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Given the sincerity of our agents, we can restrict the summation of the first term to consider only those states in
which the agents have truly achieved the géal,
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We can further reduce the communication cost expression if we assume that the communication cost of each
individual agent’s message is independent of the messages communicated by the other agents. By our assumption
that no other communication, other thag, is possible upon the achievement@fthen there is no difference in
communication cost after timig. Thus, the third term reduces to zero, leaving us with the following:
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By substituting this expression inthy > 0 and subtracting the first term from both sides, we produce exactly the
inequality from the statement of the theorem.
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